The boson-fermion correspondence is applied to derive explicit formulae for expressing the product of S-functions in terms of sums of S-functions associated to non-standard partitions.
In this note, we show how to derive fairly explicit formulae for the multiplication of two S-functions in terms of S-functions with non-standard partitions, by means of the boson-fermion correspondence. We also point out how this method can be used to calculate skew S-functions, and also how to extend it to the Hall-Littlewood case. The boson-fermion correspondence (or its generalizations) has been used previously for example, in investigating various identities of S-functions 1], Q-functions 2, 3] and Hall-Littlewood functions 4] as well as in deriving a procedure for calculating S-function (outer) plethysms 5] .
Let us brie y summarize the boson-fermion correspondence as it pertains to Sfunctions. The algebra A of free fermions is generated by i , i , i 2 Z Z satisfying the anti-commutation relations f i ; j g = 0 = f i ; j g; f i ; j g = ij :
(
There is a Fock representation F of this algebra with a vacuum j0i which satis es i j0i = 0 (i < 0); i j0i = 0 (i 0):
The 
where p n (x) = P i x n i are power sum symmetric functions. (For notational simplicity, we drop the symbol in these and subsequent formulae.) If the modes of these vertex operators are given by the expansion (z) = X n2Z Z n z n ; (z) = X n2Z Z n z ?n ;
then it is well known 6] that the modes n , n satisfy the anti-commutation relations of the free fermion algebra (1). Moreover, there is an isomorphism % : F ?! which associates every state aj0i, a 2 A in the fermionic Fock space such that %(j0i) = 1, and if 0 i s < < i 1 , 0 < j r < < j 1 In what follows, we shall often ignore the momentum factor e ilq occuring in (4) . Let us begin with the Pieri formula for the multiplication of an S-function by a complete symmetric function h n s (n) , which takes the form 7] h n s = X s ; (6) where the sum is over all partitions such that ? is a horizontal n-strip. That is, the partitions occuring in the above product are those obtained by adding n extra boxes to the diagram in any manner provided that the resulting diagram is a valid diagram, and no two of the added boxes lie in the same column. The question we can ask ourselves is: how can we turn multiplication by h n into an operation involving free fermions? The answer comes from the generating function for h n , which we can write as
where
Thus, when we multiply an S-function, represented by a product of free fermionic currents, by the function h n , represented by the current R(z), we can shu e the (annihilation) operator (z) through the currents (w) using the relation (z) (w) = w=z 1 ? w=z
which will then hit the vacuum, leaving us with an expression involving just free fermions. As an example, let us look at the product h k s (n;m) . We know that s (n;m) = %( n+1 m j0i), so that (dropping the %( ) for simplicity) h k s (n;m) = 1 2 i I dzdw 1 n, many terms on the right hand side of (8) cancel amongst themselves, so that in this particular case, it is not a very e cient formula. However we shall soon derive a formula which is more e cient when k is small. This method can be extended to the general case, given by the combinatorial expression (6) For n a the partitions in the above expression are standard, and the result could also easily have been derived by adding n boxes to the hook diagram (ajb) in the prescribed manner. When n < a, the terms on the right start cancelling each other out. Again, we will be able to derive a more e cient expression for this case.
We would now like to start multiplying S-functions on the left by the two-part S-function s (n;m) . The generating function for these S-functions takes the form R(z 1 ; z 2 ) = X Thus by using the relation 
which is a more e cient version of (10) in the case when p is small. Note that until now, we have not found it necessary to use the anti-commutation relations for free fermions. As a nal example of the method described above, and one in which the anti-commutation relations are needed, let us consider the product of two one-hook S-functions. By using the generating function (16), along with the exchange relation (17) Consider for a moment, the rst term in the above expression. For it to be non-zero, we require 0 j q. We also require that either 0 i q ? 1 Let us remark that instead of considering S-function multiplication, we can consider S-function division (i.e. skewing) and derive similar formulae by consider the generating functions for D(s ). These generating functions will be purely functions of @ @pn and hence can be applied directly to the generating function for s , crunched together using the standard rules yielding a formula for the skew function s = in terms of non-standard S-functions, which can then be converted into standard ones using the modi cation rules.
We can also extend the above considerations to the case of Hall-Littlewood functions Q (x; t). Jing 
The only caveat to explicit formulae such as (21) is that the non-standard HallLittlewood functions occuring on the right hand side must be modi ed according to the complicated (compared to the S-function case) rules 
